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Materials made from active, living, or robotic components can display emergent properties arising
from local sensing and computation [1–5]. Yet, the implications of such self-sensing and feedback on
the continuum mechanics of freestanding active solids remain largely unexplored [6]. Here, we realize
a freestanding active metabeam with piezoelectric elements and electronic feedback loops that gives
rise to an odd micropolar elasticity impossible to derive from a potential energy. A non-reciprocal
active modulus enables bending and shearing cycles that convert electrical energy into mechanical
work, and vice versa. The sign of this elastic modulus is linked to a non-Hermitian [7–9] topological
index [10–16] that controls the localization of vibrational modes to sample boundaries. Aside from
the design of active metabeams and other autonomous structural components, our work provides
guidelines to control the elasticity of active synthetic biofilaments and membranes [1, 17, 18].
Responsive materials in both biology and engineering
distinguish themselves by their ability to respond to ex-
ternal stimuli in tailored ways [1, 3, 19–22]. For exam-
ple, muscles contract in response to electrical signals [23]
and mechanocaloric solids undergo dramatic deforma-
tions in response to temperature changes [24]. Unlike
computers or multicellular organisms with specialized
functional components, the undifferentiated physical ma-
chinery available in a distributed material imposes fun-
damental limitations on sensing, information processing
and response. Yet, the range of available functionalities
are fundamentally extended when the materials posses
distributed, local reservoirs of energy [25–30]. Such ac-
tive materials exhibit responses not allowed by their pas-
sive, or energy conserving, counterparts.
Activity is intimately connected, but not equivalent, to
a crucial material symmetry: reciprocity [6, 31–37]. In
the context of mechanics, there are two primary notions
of reciprocity relevant for materials design. The first is
a generalization of Newton’s third law, which states that
the interaction between two components must be equal
and opposite. More precisely this definition of reciprocity
implies that the generalized forces conserve generalized
momenta, e.g. linear or angular, unlike the examples
considered in Refs. [5, 13]. A second independent no-
tion of reciprocity, known as Maxwell-Betti reciprocity,
can be roughly defined as the symmetry between pertur-
bation and response. The linear response of a medium
can violate Maxwell-Betti reciprocity only if the material
violates energy conservation.
These two distinct notions of reciprocity are manifestly
juxtaposed in one of nature’s most ubiquitous material
responses: elasticity. Elasticity is the ability of a free-
standing medium to exert stresses in response to shape
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changes. Hence elastic forces must, by definition, obey
Newton’s third law. Maxwwell-Betti reciprocity, by con-
trast, has a less categorical status. Passive linear elas-
ticity always exhibits Maxwell-Betti reciprocity since de-
formations and passive stresses have a natural symme-
try: the latter is the undoer of the former. This prop-
erty emerges from the requirement that passive stress
and strain are related by energy minimization: deforma-
tions are energetically penalized, and hence stresses seek
to return the material to its original shape. However, for
active media, the constitutive relations between stress
and strain need not be derived from an energetic princi-
ple [6]. Materials comprising this larger space of elastic
responses are desirable for their theoretically proposed
static and dynamic properties [11, 38, 39].
Here, we report the design, construction, and exper-
imental demonstration of a self-standing metamaterial
whose elasticity is unattainable in passive media (Fig. 1a-
d). The metamaterial we fabricate takes the form of a
thick beam, whose shape is characterized by two inde-
pendent degrees of freedom (Fig. 1e left): a micropolar
field ϕ(x) and a vertical displacement h(x). A single
unit cell in the beam is equipped with three piezoelec-
tric patches that enable shape-sensing and response. The
central patch acts as a sensor which detects the elonga-
tion or contraction of the top surface. A minimal electri-
cal control circuit (Fig. 1d) takes the input voltage from
the central piezoelectric and sends output signals to the
piezoelectric patches at the front and back of the bond,
which serve as mechanical actuators [40, 41]. Crucially,
the circuits are individually equipped with independent
voltage sources functioning as reservoirs of energy.
The resulting active metabeam is freestanding—it
obeys Newton’s third law by preserving both angular and
linear momentum. Nonetheless, the electronic feedback
provides a form of minimal computation that alters the
mechanical response. When the central piezoelectric ex-
periences elongation or compression due to bending of
the beam, the electronic feedback loop produces output
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2FIG. 1. Experimental realization of a self-sensing metabeam with active elasticity. (a) A single unit cell featuring
three piezoelectric patches: one that acts as a sensor, and two that act as actuators. (b) A segment of the full metabeam.
(c) Each unit cell has an electronic feedback. The voltage Vs induced by the central piezoelectric is fed into a transfer function
H(ω) = Va(ω)/Vs(ω) that sends opposing voltages Va and −Va to the actuator piezoelectrics. (d) A photograph of the
metabeam (horizontal) with the electronic feedback circuits in the foreground. We note that the mechanical forces from the
attached wires are negligible. The wires act only as sources of energy and computation, but not of linear or angular momentum.
(e) The motion of the metabeam can be described by two independent coordinates, ϕ and h, which parameterize the angular
and vertical displacements of the metabeam. When the beam bends, the center piezoelectric is stretch. The asymmetric
electronic feedback then gives rise to a shearing motion. The active modulus P is given by P = ΠH, where Π is a real number
determined by numerical simulations. (f) The state of the unit cell is tracked in the space of shear and bend. When a closed
path is traced out in this space, the unit cell performs work per unit volume that is proportional to the area times the modulus
P . (g) We numerically compute the work done for a clockwise (top) and a counterclockwise (bottom) path. The solid lines
are predictions from the continuum theory, and the black dots result from finite-element simulations of the unit cell.
3voltages that are antisymmetric (Fig. 1e right), result-
ing in shear stresses. However, a shearing motion does
not stretch the central piezoelectric patch. Hence, the
electromechanical feedback loop is entirely feed forward:
bending induces shear, while shear does not induce bend-
ing.
The feedback results in an elastic response that cannot
be realized without an internal source of energy. This
effect, apparent in the emergent continuum equations,
may be deduced solely using symmetries and conserva-
tion laws. Linear momentum conservation implies that
ρh¨ = ∂xσzx, where σij is the stress tensor and ρ is the
mass density. Moreover, angular momentum conserva-
tion implies Iϕ¨ = ∂xM + σzx, where M is the bending
moment and I is the cross sectional moment of inertia.
Crucially, the presence of activity enters through the con-
stitutive relations that express σzx and M in terms of
h and ϕ. For small strains, the constitutive equations
under the framework of micropolar elasticity may be ex-
pressed as the following linear relationship:(
σzx
M
)
=
(
µ P
0 B
)(
∂xh− ϕ
∂xϕ
)
. (1)
We denote the matrix on the right-hand side of Eq. (1)
as C. For a beam made of a passive, isotropic mate-
rial C has two basic properties. Without energy sources,
the Maxwell-Betti theorem implies that the matrix C
must be symmetric, i.e. unchanged under transposi-
tion [31]. Moreover, if the beam respects parity, then
the off-diagonal terms must vanish, because such terms
couple the elastic and micropolar strains. For a standard
beam, this leaves the moduli µ and B, the shear and
bending modulus. However, the metamaterial we con-
structed has an additional micropolar modulus: P . Since
the electromechanical coupling violates parity, the active
modulus P must occur in the off-diagonal entries. More-
over, P occurs only in the upper-right entry because the
electro-mechanical coupling is feedforward: bend causes
shear, but shear does not cause bend. As a result the ma-
trix C is asymmetric, indicating that the beam violates
Maxwell-Betti reciprocity, even at zero frequency.
The asymmetry of C generalizes the notion of odd elas-
ticity, recently introduced theoretically in the context of
Cauchy elasticity [6], to systems with micropolar degrees
of freedom [42]. This linear, static non-reciprocity en-
sures that energy can be extracted or injected into a
medium using quasistatic cycles of deformation [6]. For
this beam, the cycle consists of shearing and bending, as
shown in Fig. 1f. In Fig. 1g., we execute such a cycle us-
ing a single unit cell in a finite element simulation, and we
plot the work done by the beam, see S.I. When performed
in the counterclockwise direction, the beam acts as a dis-
tributed engine which converts stored electrical energy
into mechanical work. Moreover, when an external agent
or object deforms the beam in the clockwise direction,
mechanical energy is absorbed and converted into elec-
trical energy. This beam differs substantially from stan-
dard energy absorbing materials in that the amount of
FIG. 2. Non-Hermitian skin effect via parity violating
shape-sensing. (a) The spectrum with periodic boundaries
computed using the continuum theory (solid lines) and finite-
element simulations (black dots). The inset shows the con-
tinuum limit in which quantitative agreement between con-
tinuum and simulation are expected. (b) The inverse pen-
etration depth κ as a function of frequency for the system
with open periodic boundary conditions. The solid dots are
finite-element simulations, the solid black lines are continuum
theory, and the colored lines are computed via the transfer
matrix method (TMM). Red indicates P > 0 and blue indi-
cates P < 0. (c) An eigenmodes with open periodic bound-
ary conditions with frequency corresponding to the star in
panel (d). The localization of the eigenmode is determined
by the sign of the winding of the energy in the complex plane.
When, P ∝ i a delocalized mode emerges since the spectrum
is entirely real and the system is Hermitian. (d) Sketches of
the spectrum with periodic boundaries for each of the three
cases. The arrows indicate directions of increasing wave num-
ber k. (e) A metabeam deformed in a plane wave with the
nonreciprocal forces plotted as a solid line. By adjusting the
electronic feedback, we can control the complex argument of
P , which sets the phase delay between the deformation and
the force.
energy absorbed is independent of the rate of deforma-
tion. Instead, the energy depends only on the geometry
of the path. For closed cycles, the energy per unit vol-
ume absorbed is equal to P times the area enclosed by
the path in strain space (Fig. 1f).
The shape-sensing feedback with parity violation re-
sults in non-Hermitian dynamical features accessible in
our experiments [7, 8, 10–14, 16, 38, 43]. Assuming pe-
riodic boundary conditions, we can use the continuum
equations to compute the frequencies ω in terms of the
4FIG. 3. Experimental demonstration of skin modes and odd micropolar moduli. (a-b) Unidirectional amplification of
waves. A metamaterial consisting of 9 unit cells is actuated from either the right (blue) or right (red) via piezoelectric actuators
with a 2 kHz tone burst signal (grey). The velocity at the far end of the beam is measured using a laser Doppler vibrometer.
The output velocity is measured in units of the peak velocity for experiments with no active feedback. (c) Observation of
the non-Hermitian skin effect. Experiments are performed between 1.5 kHz and 4 kHz for right to left (blue) and left to right
(red) traveling waves. (Left) A 2D FFT shows the intensity of the observed spectrum. The theoretical curves (solid) are based
on the transfer matrix method. The dashed curves are theoretical predictions with no activity. (Middle) The inverse decay
length. (Right) A plot of arg(P ) as a function of frequency. At ω = ω0(= 3 kHz), arg(P ) = −pi/2, indicating that the system
is Hermitian. Hence, we observe the decay lengths κ go to 0 at this frequency and change sign for ω > ω0
.
wave number k:
ω ≈
√
B
ρ
k2 +
iP
2µ
√
B
ρ
k3 +O
(
I2k4
ρ2
)
. (2)
The first term in Eq. (2) is introduced by standard
Bernoulli beam theory. However, the second term, in-
troduced by the micropolar coupling P , entails two dis-
tinctive features arising from broken parity and energy
conservation. First, the effective violation of energy con-
servation allows the spectrum to have a nonzero imagi-
nary part, which implies that waves grow or attenuate in
time (Fig. 2a). Secondly, the violation of parity breaks
the symmetry k → −k. As a result, the spectrum forms
an arc in the complex plane that does not retrace itself
(Fig. 2a).
The simultaneous breaking of parity and energy con-
servation endows our active micropolar metamaterial
with distinctive non-Hermitian topological features. The
lack of degeneracy in the periodic boundary spectrum for
P 6= 0 implies that the spectrum will dramatically deform
when a boundary is introduced, a phenomenon known as
the non-Hermitian skin effect [10–16, 38]. For each fre-
quency ωB in the open boundary spectrum, we can com-
pute the winding number, ν, of the periodic boundary
spectrum ω(k) about ωB using the following relation
ν =
1
2pii
∫ 2pi/L
0
d
dk
log(ω(k)− ωB)dk, (3)
where L is the length of a unit cell (see Methods for a
derivation). When the winding is nonzero, the vibra-
tional mode with frequency ωB will be localized to ei-
ther the left or right boundary determined by the sign of
ν [13–16]. Hence, when P > 0 (P < 0) the metamaterial
hosts an extensive number of vibrational modes localized
to the right (left) boundary. By introducing a phase delay
in the electronics, we can take P to be a complex number
whose complex angle arg(P ) is the temporal phase delay
between the bending and shear stress (Fig. 2e). We no-
tice that when arg(P ) = ±pi/2, the winding disappears
and so the modes are no longer localized (center column).
In experiments, the modulus P depends on frequency
as P (ω) = ΠH(ω), where Π is a material constant and
5H(ω) is the electronic transfer function (cf. Fig. 1c):
H(ω) =
H0
(iω/ω0)2 + 2iζω/ω0 + 1
. (4)
Here, ζ = 0.48 and H0 = 3 are constants and ω0 =
3 kHz is the crossover frequency at which P becomes
imaginary. We probe the vibrational dynamics of the
beam by initiating waves from either the right or left side
of the metamaterial via external piezoelectric elements.
Fig. 3a-b shows the experiment at 2 kHz in which waves
from the right are suppressed while waves from the left
are amplified (see also Supplementary Movies S1 and S2).
To construct the full spectrum of the metamaterial,
we perform the experiment with tone burst signals cen-
tered between 1.5 and 4 kHz. The transverse velocity
wave fields are measured along the medium using a laser
Doppler vibrometer. We apply fast-Fourier transforms
in time and in space to extract the real k(ω) and imagi-
nary part κ(ω) of the wave number as a function of fre-
quency for right-going (red) and left-going (blue) waves
(Fig. 3c). The solid theoretical curves are produced us-
ing a semi-analytical technique known as the transfer-
matrix method, see S.I. At ω = ω0, the localization
κ changes sign as the system passes through a Hermi-
tian point at arg(P ) = −pi/2. For ω < ω0, we have
−pi/2 < arg(P ) < 0, and hence κ < 0. Notice that κ < 0
implies that waves initiated from the right are amplified,
while the waves initiated from the left are attenuated.
For ω > ω0, the amplification switches.
The material presented here demonstrates active
micropolar moduli and non-reciprocal responses absent
in energy conserving media that are enabled by local
computation and feedback. The minimal on-board
electronics power the active metabeam enabling its
function as an elastic engine and mechanical diode.
Beyond applications to synthetic matter, the principles
illustrated here suggest approaches for the control of
filaments and membranes arising in active biological
media [1, 17, 18].
Methods
Sample Fabrication— The metabeam is composed of
three piezoelectric patches (STEMiNC PZT 5J: 6 mm×
4 mm × 0.55 mm) mounted via conductive epoxy onto
a laser-cut stainless steal host beam. We achieve an-
tisymmetric actuation without the use of an inverting
voltage amplifies by mounting the two piezoelectric actu-
ators such that their piezoelectric polarization directions
are oppositely oriented.
Experimental procedures— In experiments, nine meta-
material unit cells are connected with control circuits.
Two piezoelectric transducers are attached on the left
and right sides of the metamaterial to generate incident
flexural waves. We employ ten-peak tone-burst signals
with central frequencies ranging from 1.5 to 4.0 kHz in
step sizes of 0.1 kHz. We generate and amplify incident
wave signals via an arbitrary waveform generator (Tek-
tronix AFG3022C) and a high voltage amplifier (Krohn-
Hite), respectively. Transverse velocity wave fields are
measured on the surface of the metamaterial by a scan-
ning laser Doppler vibrometer (Polytec PSV-400).
Finite element simulations — We calibrate the transfer
matrix method and continuum equations by conducting
fully three-dimensional numerical simulations of the unit
cell using the commercial finite element software COM-
SOL Multiphysics. In all the simulations, we model the
piezoelectric patches via a three-dimensional linear piezo-
electric constitutive law. The central piezoelectric patch
acts as a sensor whose signal is obtained by integrating
the free charge over the top surface the piezoelectric. The
top and bottom surfaces of the piezoelectric sensor have
zero electric potential. The bottom surfaces on the piezo-
electric actuators are ground, and we apply electrical po-
tentials on the top surfaces to act as actuating voltages.
The actuating voltages are related to the sensing voltages
via the electronic transfer function.
For the wave dispersion calculations in Fig. 2a, Floquet
periodic boundary conditions are applied on the left and
right boundaries of a metamaterial unit cell. We calcu-
late eigenfrequencies of the unit cell with different real
wavenumbers. To simulate the wave propagation with
open boundaries, i.e. Fig. 2b, a metabeam composed of
15 unit cells is placed between two external beams. Two
perfectly matched layers (PMLs) are attached to both
ends of the external beams in order to suppress reflected
waves from the boundaries. The incident flexural wave is
generated by applying a harmonic force on the boundary
of the host beam. The out-of-plane displacement is mea-
sured at the left- and right-hand sides of the metabeam.
The penetration depth is calculated by comparing the
amplitudes of the two extracted displacements.
Topological index for the non-Hermitian skin effect—
Here we provide a derivation of the non-Hermitian wind-
ing number that appears in Eq. (3) following the ap-
proach of Ref. [15]. Let H be a one-dimensional periodic
non-Hermitian Hamiltonain on an infinite domain, HSIBC
its semi-infinite counterpart with boundary on the left,
and HNOBC the counterpart with N unit cells and open
boundaries on both sides. First, given an ω in the com-
plex plane, consider the Hermitian Hamiltonian
H˜ω =
(
0 H − ω
H† − ω∗ 0
)
. (5)
Notice that H˜ω has a chiral symmetry given by
σzH˜ωσz = −H˜ω, where σz is a Pauli matrix. Moreover,
H˜ω is gapped whenever ω 6∈ σ(H), where σ(A) denotes
the spectrum of the operator A. As is the case for the
conventional bulk-boundary correspondence for Hermi-
tian Hamiltonians, we define the winding number
ν(ω) =
1
2pii
∫ 2pi/L
0
d
dk
log det(H(k)− ω)dk. (6)
When ν(ω) < 0 is nonzero, (H˜ω)SIBC host a zero mode
of negative chirality, i.e. of the form |ψ〉 = (0, |ω〉)T .
Crucially, notice that 0 = (H˜ω)SIBC |ψ〉 implies that |ω〉
6is a right eigenvector of HSIBC with eigenvalue ω. A
similar argument shows that when ν(ω) < 0, HSIBC hosts
a localized left eigenvector of frequency ω∗, and hence ω
is an eigenvalue of HSIBC. Hence, σ(HSIBC) is given by
σ(H) ∪ {ω : ν(ω) 6= 0}.
Finally, to obtain limN→∞ σ(HNOBC), we introduce the
notion of a complex gauge transformation Vr which acts
by introducing a complex component to the wavenumber
V −1r H(k)Vr = H(k − i log r). It can be shown that [10,
15]
lim
N→∞
σ(HNOBC) =
⋂
r∈(0,∞)
σ(V −1r HSIBCVr) (7)
We note that limN→∞ σ(HNOBC) forms a curve with no
area in the complex plane that results from the contrac-
tion of σ(H).
We employ two complimentary approaches for com-
puting ν(ω) for the active metabeam. First, as shown
in Fig. 2a, we numerically compute the spectrum using
finite element simulations. We note that when the spec-
trum consists of bands with line gaps (as is the case here),
Eq. (6) reduces to Eq. (3) in the main text where ω(k)
belongs to the relevant band of interest. As a second ap-
proach, for small |ω|, we can infer the winding ν(ω) from
the continuum theory. Formally, this corresponds to tak-
ing H to be the differential operator representing the con-
tinuum equations of motion and replacing the integral in
Eq. (6) by an integral over the range −R < k < R and
completing the contour in the right half of the complex
plane while taking R→∞.
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S1. CONTINUUM THEORY
A. Beam theory and linear response
Our parameterization of the continuum follows the standard kinematic assumptions of Timoshenko beam theory [44].
To begin, let ux(x, y, z), uy(x, y, z), and uz(x, y, z) be the underlying continuum displacement field. Here, the x
direction is oriented along the beam, the y direction is oriented out-of-plane, and the z direction is oriented vertically.
In following Timoshenko beam theory, we assume:
1. There are no out-of-plane displacements: uy(x, y, z) = 0.
2. Cross sections of the beam remain planar. Hence, we may introduce the following parameterization:
uz(x, y, z) =h(x) (S1)
ux(x, y, z) =− zϕ(x) + u(x), (S2)
where z = 0 coincides with the midplane of the beam.
Under these assumptions, h(x), ϕ(x), and u(x) are the independent degrees of freedom in our effective 1D model. In
the main text, we assume that u(x) = 0, as is valid in experiments. Nonetheless, we can probe elongations of the
beam in simulation, and hence we include u(x) in our analysis here.
To derive equations of motion, we utilize the existence of three conserved quantities: angular momentum in the yˆ
direction, linear momentum in the xˆ direction, and linear momentum in the zˆ direction. These conserved quantities
give rise to the following equations of motion:
Iϕ¨ =∂xM + σzx (S3)
ρh¨ =∂xσzx (S4)
ρu¨ =∂xσxx, (S5)
where ρ is the volumetric mass density, I is the cross sectional moment of inertia, M is the bending moment, and σij
is the stress tensor. Finally, we employ one of the central assumption of linear micropolar (or Cosserat) continuum
mechanics [45–47]: that the moments and stresses may be approximated as linearly proportional to the deformation
of the beam. These deformations include: bending ∂xϕ; shear ∂xh − ϕ; and elongation ∂xu. We can summarize the
linear response by a 3 by 3 matrix Cij :σxxσzx
M
 =
C11 C12 C13C21 C22 C23
C31 C32 C33
 ∂xu∂xh− ϕ
∂xϕ
. (S6)
The Maxwell-Betti reciprocity theorem states that if the linear response matrix follows from an energetic potential,
then it must be symmetric: Cij = Cji. Furthermore, if the beam is achiral, then we must have C31 = C32 =
C13 = C23 = 0. However, in the present case, the beam is both chiral and active, thus alleviating these two
constraints. Nonetheless, we can make predictions on which moduli will dominate Eq. (S6) based on the properties
of the microscopic unit cell presented in Fig. 1 of the main text. First, we expect the beam to inherit the Young’s
modulus, E, shear modulus µ, and bending moment B present in standard beam theory. Moreover, since elongation
or compression of the central piezoelectric sensor induces antisymmetric stresses in the piezoelectric actuator, we
expect elongation ∂xu and bending ∂xϕ to give rise to shear stress σzx. Hence, we expect Cij to take the form:
Cij =
E 0 0K µ P
0 0 B
 (S7)
In Eq. (S7), the moduli K and P are introduced via the piezoelectric feedback. The modulus P is the odd micropolar
modulus, which is the primary focus of this work. The modulus K is an asymmetric modulus between shear and
elongation.
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Fig. S1. Determination of linear response via finite-element simulation. The normalized magnitude and complex argument of
the nonzero moduli are shown for three different values of the transfer function H. The quantities E, µ, and B are normalized
by their passive values E0, µ0, B0 (determined when H = 0). The modulus K is normalized by µ0. The moduli P , C31, and
C13 are normalized by µ0hb, where hb is the thickness of the metabeam (see section S2).
Supplementary Figure S1 shows the result of finite-element simulations that directly probe the response of the
metabeam (see section S3 for details). The moduli are determined by applying strain controlled boundary conditions
at the terminating faces of a single unit cell and computing the reaction forces. We confirm that the moduli E,
µ, and B are independent of the transfer function H(ω), which indicates that these moduli are inherited from the
underlying passive structure. Moreover, we confirm that when the electronic feedback is present, the linear response
C contains nonzero K and P . We empirically find that K and P are proportional to the transfer function H(ω)
via the relationship K = ΛH and P = ΠH, for (real) material constants Λ and Π. Additionally, we find small, but
non-zero, values for C13 and C31. This coupling between elongation and bending arises since the piezoelectrics are
mounted only on the top surface of the metabeam. However, since |C31| and |C13| are small, we can safely neglect
these terms in the subsequent analysis.
B. Elastodynamics
Subject to Eq. (S7), the equations of motion are given by:
ρu¨ =E∂2xu (S8)
ρh¨ =K∂2xu+ µ∂
2
xh+ P∂
2
xϕ− µ∂xϕ (S9)
Iϕ¨ =K∂xu+ µ∂xh+B∂
2
xϕ+ P∂xϕ− µϕ. (S10)
Setting u = 0, as is experimentally valid, the secular equation becomes:
0 = ρω2 −Bk4 − iPρ
µ
kω2 +
(
I +
Bρ
µ
)
k2ω2 − Iρ
µ
ω4, (S11)
where k is the wavenumber and ω is the frequency of a Bloch mode of the form ei(kx−ωt). We nondimensionalize the
secular equation by introducing the following characteristic wavenumber and frequency:
k∗ =
√
ρ
I
≈ 1/rod thickness ≈ 103m−1 (S12)
ω∗ =
√
Bρ
I
≈ 4× 106s−1. (S13)
In these units, we can express the secular equation as:
0 = ω˜2 − k˜4 − iP˜ k˜ω˜2 + (1 + β)k˜2ω˜2 − βω˜4. (S14)
9where ω˜ = ω/ω∗ and k˜ = k/k∗. The dimensionless constants P˜ and β are given by:
P˜ =
P
µ
√
ρ
I
≈ 10 (S15)
β =
Bρ
µI
≈ 80, (S16)
where the numerical values are computed using material parameters in the experiment. We expect the continuum
theory to hold quantitatively for wavelengths much much longer than the unit cell (32 mm). This corresponds to
k˜ ≈ 10−3. In this wavelength range, the secular equation is well approximated by:
0 = ω˜2 − k˜4 − iP˜ k˜ω˜2 +O
(
k˜6
)
, (S17)
which yields the approximate solution
ω˜ ≈k˜2 + iP˜
2
k˜3 +O
(
k˜4
)
(S18)
Restoring standard units then gives:
ω ≈
√
B
ρ
k2 +
iP
2µ
√
B
ρ
k3 +O
(
I2k4
ρ2
)
(S19)
Equation (S19) yields the theoretical (black) curve for Fig. 2a in the main text.
C. Non-Hermitian skin effect
We note that Eq. (S19) indicates that open arcs will be traced out in the complex ω plane whenever arg(P ) 6= ±pi/2.
In the presence of open boundary conditions (as opposed to periodic boundary conditions), the open arcs imply that
the eignmodes of vibration will be exponentially localized via e−κxeikx, where κ is the inverse penetration depth. One
can then consider a complex wave number q = k + iκ and compute Eq. (S19) in term of q. The physical values of
κ(k) are determined by the requirement that for each k, there exists a k′ such that ω(k + iκ) = ω(k′ + iκ) [10? ].
When arg(P ) = 0 or pi, inspection of ω(k) reveals that the open boundary spectrum will lie along the real line. In
particular, we obtain the expression:
2kκ+
P
2µ
(
k3 − 3kκ2) = 0, (S20)
which in turn gives:
κ ≈ −k
2P
4µ
+O
(
k˜3
)
. (S21)
Equivalently, expressed in terms of frequency we have:
κ ≈
√
ρ
B
P
4µ
ω. (S22)
Equation (S22) supplies the theoretical (black) curve for Fig. 2b in the main text.
As shown in Fig. 2c-d in the main text we can controllably tune the localization of the skin effect by interpolating
between arg(P ) = 0 and arg(P ) = pi. Intriguingly, when arg(P ) = ±pi/2, the spectrum in Eq. (S19) is entirely
real, indicating that the system has regained a notion of Hermiticity. Consequently, the non-Hermitian skin effect is
suppressed in since the spectrum does not trace out an open arc in the complex ω plane. Nonetheless, the effects of
the micropolarity are still present. When arg(P ) = ±pi/2, inspection of Eq. (S19) reveals that we we can physically
interpret the imaginary P as a direction-dependent normalization of the bending modulus:
Beff = B
(
1∓ |P |k
2µ
)2
(S23)
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Fig. S2. Effective Hermitian dyanmics. Left: The spectrum is shown for the metamaterial with arg(P ) = −pi. We note that the
reality of the frequencies is maintained, while the modulus P breaks the k 7→ −k symmetry. Right: Transverse displacement
wave fields for the waves traveling in different directions. The left and right traveling modes are excited at equal frequencies,
but have differing wavenumbers due to the odd micropolarity.
Notice that in Eq. (S23) that micropolarity is still present and breaks the symmetry between k and −k. As a
consequence, the group velocity for right and left traveling waves is unequal, see Fig. S2. Finally, we note that we may
interpret these results in terms of a topological winding number reported in, e.g., Ref. [48]. This topological invariant
states that the sign of the localization of a mode in the open boundary spectrum will be determined by the sign of
the winding of the periodic spectrum about this mode. When arg(P ) = pi/2, the collapse of the periodic spectrum to
the real line indicates that the winding is zero, and hence the localization vanishes and extended modes are observed.
D. Elastic energy cycle
In this section, we discuss the ability of the metabeam to convert between electrical and mechanical energy via
quasistatic cycles of strain. Let us define the vector of strains i via:12
3
 =
 ∂xu∂xh− ϕ
∂xϕ
 (S24)
and a vector of stresses Si via: S1S2
S3
 =
σxxσzx
M
 (S25)
We note that Si = Cijj . The work per unit volume done by the metabeam under a process of deformations is given
by:
dw = −Sidi = −Cijidj (S26)
Next, suppose that the material is taken on some quasistatic process of deformations i(t) parameterized by t ∈ [ti, tf ].
To compute the total work done, we first decompose the linear response matrix as Cij = C
e
ij + C
o
ij where C
e
ij = C
e
ji
and Coij = −Coji. The work we done by Ceij may be computed as:
we =−
∫ tf
ti
Ceiji
dj
dt
(S27)
=− Ceiji(tf )j(tf ) + Ceiji(ti)j(ti) +
∫ tf
ti
Ceijj
di
dt
(S28)
=− Ceiji(tf )j(tf ) + Ceiji(ti)j(ti) +
∫ tf
ti
Cejij
di
dt
(S29)
=− Ceiji(tf )j(tf ) + Ceiji(ti)j(ti) + we (S30)
=⇒ we =− 1
2
[
Ceiji(tf )j(tf )− Ceiji(ti)j(ti)
]
(S31)
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Hence, the work done by Ceij is independent of path and only depends on the initial and final configurations, which
is equivalent to the statement that Ceij can be derived from an energetic potential V =
1
2Cijij . However, the work
done by Coij is in general explicitly path dependent [6]. For example, consider the form of Cij given in Eq. (S7) and
suppose the material is brought on a closed path of deformations. Then we have:
wo =−
∮
Coijidj (S32)
=−K
∮
1d2 − P
∮
3d2 (S33)
=KA21 + PA23, (S34)
where Aij is the area signed traced out by the path of deformations in the plane of i and j .
In Fig. 1f-g., we verify Eq. (S34) in finite element simulations. We directly compute the work done by a single unit
cell of the material that undergoes a path of deformations via fully electromechanically coupled numerical simulations
in COMSOL Multiphysics. We enforce displacement boundary conditions on the side boundaries of a metamaterial
unit cell. We define the bending curvature κ = ∂xϕ to be the relative angle of the two terminating cross sections
divided by the unit cell’s length L, and γ = ∂xh to be the relative vertical displacements of the two cross sections
divided by the unit cell’s length. In the calculations, geometric and material parameters of the metamaterial are given
in Table S1 (See below). We take the beam on a rectangular path through deformation space with γmax = 9.375×10−3
and κ max = 1.0 m
−1. We subdivide each leg of the path into approximately 150 subdivisions and perform a static
analysis at each subdivision to determine the reaction forces Fr and Fl and moments Ml and Mr at the left and right
boundaries, respectively. We then compute the work done on the ith step as:
W i = L
[
(F ir − F il )(γi − γi−1) + (M ir −M il )(κi − κi−1)
]
(S35)
where the index i labels the step.
For the example shown in the main text, P = 13.85×106 N/m and the volume of the unit cell is V = 576×10−9 m3.
The continuum theory then predicts that the magnitude of the work done should be given by:
|W theory| = PκmaxγmaxV = 0.0748 (J) . (S36)
In simulation, we find:
|Wsim| =
∣∣∣∣∣∑
i
W i
∣∣∣∣∣ = 0.0756 (J) , (S37)
We note that the continuum equations rely on the approximation of linearity, whereas the COMSOL simulations
directly compute the underlying forces and moments based on the microscopic details.
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S2. EXPERIMENTAL DETAILS
A. Material parameters
The self-sensing metamaterial displayed in main-text Fig. 1 utilizes piezoelectric patches integrated with electronic
feedback [25, 29, 49–57]. Supplementary Figure S3 provides a schematic of the odd micropolar metamaterial. Tables
S1 and S2 contain the geometric and material parameters, respectively, used in the design.
TABLE S1. Geometric parameters of the odd micropolar metamaterial.
L 32 mm hb 3 mm wh 6 mm
Lp 6 mm hp 0.55 mm wp 4 mm
L1 10 mm L2 6 mm
TABLE S2. Material properties of the odd micropolar metamaterial.
Material properties (Steel)
Eb 210.0 GPa Gb 80.8 GPa ρb 7800.0 kg m
−3
Material properties (PZT 5J)
sE11 16.2× 10−12m2N−1 d33 5.93× 10−10 CN−1
sE33 20.7× 10−12m2N−1 d31 −2.74× 10−10 CN−1
sE44 47× 10−12m2N−1 d15 7.41× 10−10 CN−1
sE12 −4.54× 10−12m2N−1 εS33 1433.6 ε0
sE13 −5.9× 10−12m2N−1 εS11 1704.4 ε0
ρp 7700.0 kgm
−3 ε0 8.842× 10−12 CmV −1
Fig. S3. Schematic of a unit cell.
B. Electrical control system
Supplementary Figure S4 shows a schematic of the electrical control system used in each unit cell. We use a standard
non-inverting voltage amplifier, and all the electrical circuits were fabricated on printed circuit boards (PCBs). The
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parameters for the electrical components are listed in Table S3. The frequency dependence of the lowpass filter is
shown in main text Eq. (3) and depicted in Supplementary Figure S5.
TABLE S3. Circuit component parameters.
R1 1 MΩ R2 9.09 kΩ R3 15.74 kΩ
C1 1 nF C2 10 nF C3 2.2 nF
Op-amp OPA445
Fig. S4. The schematic of the electrical control system and circuit diagrams for its individual components.
Fig. S5. Frequency response of the lowpass filter with the transfer function H(ω). Left: Amplitude; Right: Phase angle.
C. Experimental procedures
A schematic of the experimental setup is shown in Supplementary Figure S6.
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Fig. S6. Experimental setup for wave propagation tests.
S3. NUMERICS
A. Transfer matrix method for wave dispersion
Here we describe the transfer matrix method [55] used to produce semi-analytical curves in Figures 2 and 3 in the
main text. In this approach, the piezoelectric sensing patch is idealized as a point-like strain probe located in the
middle each unit cell. This approximation is justified by the large ratio between the experimentally probed wavelengths
and the length of the piezoelectric patch (see Supplementary Figure S7). Similarly, piezoelectric actuating patches are
idealized as point sources that generate bending moments (see Supplementary Figure S7). With these approximations,
the metamaterial unit cell can be divided into seven homogeneous beam sections, shown in Supplementary Figure S7.
Fig. S7. Schematic for the transfer matrix method.
For each section, we apply Timoshenko beam assumptions, yielding the following equation of motion for the n-th
beam section:
Bn
∂4wn
∂x4
+
(
Bnρnω
2
µn
+ Inω
2
)
∂2wn
∂x2
+
(
Inω
2 − µn
)
ρnω
2
µn
wn = 0, (S38)
where wn, Bn, ρn, νn, and In denote transverse displacement, bending stiffness, mass density per unit volume, shear
modulus and moment of inertia of the n-th homogeneous beam section, respectively. Furthermore, ω is the frequency
associated to the Bloch mode e−iωt. The solutions of wn read
wn = A¯ne
−iknx + B¯neiknx + C¯ne−kˆnx + D¯nekˆnx, (S39)
where kn = −i
√
−αn−
√
α2n−4Bnβn
2Bn
and kˆn =
√
−αn+
√
α2n−4Bnβn
2Bn
with αn =
ρnω
2Bn
µn
+ Inω
2 and βn =
(Inω2−µn)ρnω2
µn
.
In the design, beam sections 1, 4 and 7 possess the same material and geometric parameters. Hence, we may simply
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write kn = k1 and kˆn = kˆ1 for these sections. Similarly, we may simply use kn = k2 and kˆn = kˆ2 for sections 2, 3, 5
and 6. For beam sections 1, 4 and 7, we may summarize the forces and displacement in matrix form by:
Wn (x) = N1 (x) An, n = 1, 4, 7 (S40)
In Eq. (S40), Wn (x) =
[
wn (x) ϕn (x) Mn (x) Fn (x)
]T
, where ϕn (x), Mn (x) and Fn (x) are the rotational angle,
bending moment and shear force in the n-th beam section. Furthermore, An =
[
A¯n B¯n C¯n D¯n
]T
. Lastly,
N1 (x) =

e−ik1x eik1x e−kˆ1x ekˆ1x
−ik21µ1+iω2ρ1
k1µ1
e−ik1x ik
2
1µ1−iω2ρ1
k1µ1
eik1x
−kˆ21µ1−ω2ρ1
kˆ1µ1
e−kˆ1x kˆ
2
1µ1+ω
2ρ1
kˆ1µ1
ekˆ1x
−k21µ1+ω2ρ1
µ1
B1e
−ik1x −k21µ1+ω2ρ1
µ1
B1e
ik1x kˆ
2
1µ1+ω
2ρ1
µ1
B1e
−kˆ1x kˆ21µ1+ω2ρ1
µ1
B1e
kˆ1x
−iω2ρ1S1
k1
e−ik1x iω
2ρ1S1
k1
eik1x ω
2ρ1S1
kˆ1
e−kˆ1x −ω
2ρ1S1
kˆ1
ekˆ1x

where Sn is the area of the cross-section of the n-th beam. Similarly, for beam sections 2, 3, 5 and 6, Eq. (S40) reads
Wn (x) = N2 (x) An, n = 2, 3, 5, 6 (S41)
where N2(x) is obtained by replacing the index “1” in N1(x) by “2.
The effective point source vector generated by the left actuator can be written as
G = HA4 (S42)
where G =
[
0 0 Ma 0
]T
with Ma being the effective bending moment produced by the actuator, and
H =

0 0 0 0
0 0 0 0
Hκaκs Hκaκs Hκaκs Hκaκs
0 0 0 0

where κa and κs denote electromechanical coupling coefficients of the piezoelectric actuator and sensor, respectively,
which are retrieved from finite-element simulations. Next, we impose continuity conditions on transverse displacement,
rotational angle, bending moment and shear force at the section boundaries (x = −a3,−a2,−a1, a1, a2 and a3) to
obtain:
N1 (−a3) A1 = N2 (−a3) A2,
N2 (−a2) A2 = N2 (−a2) A3 + HA4,
N2 (−a1) A3 = N1 (−a1) A4,
N1 (a1) A4 = N2 (a1) A5,
N2 (a2) A5 = N2 (a2) A6 −HA4,
N2 (a3) A6 = N1 (a3) A7.
(S43)
Eq. (S43) can be expressed as
A7 = TA1, (S44)
where the transfer matrix T is given by
T = N−11 (a3) N2 (a3) N
−1
2 (a2)
[
N2 (a2) + HN
−1
1 (a1) N2 (a1)
]
N−12 (a1) N1 (a1) N
−1
1 (−a1)× (S45)
N2 (−a1)
[
N2 (−a2) + HN−11 (−a1) N2 (−a1)
]−1
N2 (−a2) N−12 (−a3) N1 (−a3) .
Applying Bloch theorem on the left and right edges of the unit cell gives
N1 (−a4) A1 = eikLN1 (a4) A7. (S46)
Combining Eqs. (S44) and (S46), one can derive
eikL
[
N−11 (−a4) N1 (a4) T
]
A1 = A1. (S47)
Solving the eigenvalue problem in Eq. (S47) for imposed frequencies, one can obtain the corresponding complex
wavenumbers.
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S4. MOVIES
Movie S1. Unidirectional amplification. Experimentally measured transverse velocity wave field in response to
excitation on the left. The incident wave is a tone burst signal centred at 2 kHz.
Movie S2. Unidirectional attenuation. Experimentally measured transverse velocity wave field in response to
excitation on the right. The incident wave is a tone burst signal centered at 2 kHz.
[1] Needleman, D. & Dogic, Z. Active matter at the interface between materials science and cell biology. Nature Reviews
Materials 2, 17048 (2017).
[2] Li, S. et al. Particle robotics based on statistical mechanics of loosely coupled components. Nature 567, 361–365 (2019).
[3] Guseinov, R., McMahan, C., Pe´rez, J., Daraio, C. & Bickel, B. Programming temporal morphing of self-actuated shells.
Nature Communications 11, 237 (2020).
[4] Miskin, M. Z. et al. Electronically integrated, mass-manufactured, microscopic robots. Nature 584, 557–561 (2020).
[5] Brandenbourger, M., Locsin, X., Lerner, E. & Coulais, C. Non-reciprocal robotic metamaterials. Nature Communications
10, 4608 (2019).
[6] Scheibner, C. et al. Odd elasticity. Nature Physics 16, 475–480 (2020).
[7] Hatano, N. & Nelson, D. R. Localization transitions in non-hermitian quantum mechanics. Phys. Rev. Lett. 77, 570–573
(1996).
[8] Bender, C. M. & Boettcher, S. Real spectra in non-hermitian hamiltonians having pt symmetry. Phys. Rev. Lett. 80,
5243–5246 (1998).
[9] Miri, M.-A. & Alu`, A. Exceptional points in optics and photonics. Science 363 (2019).
[10] Lee, C. H. & Thomale, R. Anatomy of skin modes and topology in non-hermitian systems. Phys. Rev. B 99, 201103
(2019).
[11] Zhou, D. & Zhang, J. Non-hermitian topological metamaterials with odd elasticity. Phys. Rev. Research 2, 023173 (2020).
[12] Helbig, T. et al. Generalized bulk–boundary correspondence in non-hermitian topolectrical circuits. Nature Physics (2020).
[13] Rosa, M. I. N. & Ruzzene, M. Dynamics and topology of non-hermitian elastic lattices with non-local feedback control
interactions. New Journal of Physics 22, 053004 (2020).
[14] Bergholtz, E. J., Budich, J. C. & Kunst, F. K. Exceptional topology of non-hermitian systems (2019). arXiv:1912.10048.
[15] Okuma, N., Kawabata, K., Shiozaki, K. & Sato, M. Topological origin of non-hermitian skin effects. Phys. Rev. Lett. 124,
086801 (2020).
[16] Ghatak, A., Brandenbourger, M., van Wezel, J. & Coulais, C. Observation of non-hermitian topology and its bulk-edge
correspondence (2019). arXiv:1907.11619.
[17] Salbreux, G. & Ju¨licher, F. Mechanics of active surfaces. Phys. Rev. E 96, 032404 (2017).
[18] Prost, J., Ju¨licher, F. & Joanny, J.-F. Active gel physics. Nature Physics 11, 111–117 (2015).
[19] Bertoldi, K., Vitelli, V., Christensen, J. & van Hecke, M. Flexible mechanical metamaterials. Nature Reviews Materials
2, 17066 (2017).
[20] Huber, S. D. Topological mechanics. Nature Physics 12, 621–623 (2016).
[21] Frenzel, T., Kadic, M. & Wegener, M. Three-dimensional mechanical metamaterials with a twist. Science 358, 1072–1074
(2017).
[22] Coulais, C., Teomy, E., de Reus, K., Shokef, Y. & van Hecke, M. Combinatorial design of textured mechanical metamate-
rials. Nature 535, 529–532 (2016).
[23] Caruel, M. & Truskinovsky, L. Physics of muscle contraction. Reports on Progress in Physics 81, 036602 (2018).
[24] Wang, R. et al. Torsional refrigeration by twisted, coiled, and supercoiled fibers. Science 366, 216–221 (2019).
[25] Chen, Y. Y., Zhu, R., Barnhart, M. V. & Huang, G. L. Enhanced flexural wave sensing by adaptive gradient-index
metamaterials. Scientific Reports 6, 35048 (2016).
[26] Fleury, R., Sounas, D. & Alu`, A. An invisible acoustic sensor based on parity-time symmetry. Nature Communications 6,
5905 (2015).
[27] Peng, B. et al. Loss-induced suppression and revival of lasing. Science 346, 328–332 (2014).
[28] Lin, Z. et al. Unidirectional invisibility induced by PT -symmetric periodic structures. Phys. Rev. Lett. 106, 213901 (2011).
[29] Yi, K., Collet, M., Chesne, S. & Monteil, M. Enhancement of elastic wave energy harvesting using adaptive piezo-lens.
Mechanical Systems and Signal Processing 93, 255 – 266 (2017).
[30] Mohammadi Estakhri, N., Edwards, B. & Engheta, N. Inverse-designed metastructures that solve equations. Science 363,
1333–1338 (2019).
[31] Nassar, H. et al. Nonreciprocity in acoustic and elastic materials. Nature Reviews Materials (2020).
[32] Coulais, C., Sounas, D. & Alu`, A. Static non-reciprocity in mechanical metamaterials. Nature 542, 461–464 (2017).
[33] Fleury, R., Sounas, D. L., Sieck, C. F., Haberman, M. R. & Alu`, A. Sound isolation and giant linear nonreciprocity in a
compact acoustic circulator. Science 343, 516–519 (2014).
[34] Fruchart, M., Hanai, R., Littlewood, P. B. & Vitelli, V. Phase transitions in non-reciprocal active systems (2020).
17
arXiv:2003.13176.
[35] Saha, S., Agudo-Canalejo, J. & Golestanian, R. Scalar active mixtures: The non-reciprocal cahn-hilliard model (2020).
arXiv:2005.07101.
[36] You, Z., Baskaran, A. & Marchetti, M. C. Nonreciprocity as a generic route to traveling states. Proceedings of the National
Academy of Sciences 117, 19767–19772 (2020).
[37] Gupta, R. K., Kant, R., Soni, H., Sood, A. K. & Ramaswamy, S. Active nonreciprocal attraction between motile particles
in an elastic medium (2020). arXiv:2007.04860.
[38] Scheibner, C., Irvine, W. T. M. & Vitelli, V. Non-hermitian band topology and skin modes in active elastic media. Phys.
Rev. Lett. 125, 118001 (2020).
[39] Banerjee, D., Vitelli, V., Jlicher, F. & Surwka, P. Active viscoelasticity of odd materials (2020). arXiv:2002.12564.
[40] Chen, Y., Li, X., Nassar, H., Hu, G. & Huang, G. A programmable metasurface for real time control of broadband elastic
rays. Smart Materials and Structures 27, 115011 (2018).
[41] Chen, Y., Li, X., Hu, G., Haberman, M. R. & Huang, G. An active mechanical willis meta-layer with asymmetric
polarizabilities. Nature Communications 11, 3681 (2020).
[42] The stresses in linear Cauchy elasticity are proportional to two derivatives of displacement while the stress in micropolar
elasticity is proportional to higher derivatives of displacement.
[43] Hanai, R., Edelman, A., Ohashi, Y. & Littlewood, P. B. Non-hermitian phase transition from a polariton bose-einstein
condensate to a photon laser. Phys. Rev. Lett. 122, 185301 (2019).
[44] Timoshenko, S. Elements of strength of materials (Van Nostrand, Princeton, N. J., 1949), 3d ed. edn.
[45] Eringen, A. C. Microcontinuum field theories (Springer, New York, 1999).
[46] Maugin, G. A. On the structure of the theory of polar elasticity. Philosophical Transactions: Mathematical, Physical and
Engineering Sciences 356, 1367–1395 (1998).
[47] Lakes, R. S. & Benedict, R. L. Noncentrosymmetry in micropolar elasticity. International Journal of Engineering Science
20, 1161 – 1167 (1982).
[48] Yao, S. & Wang, Z. Edge states and topological invariants of non-hermitian systems. Phys. Rev. Lett. 121, 086803 (2018).
[49] Chen, Y. Y., Huang, G. L. & Sun, C. T. Band Gap Control in an Active Elastic Metamaterial With Negative Capacitance
Piezoelectric Shunting. Journal of Vibration and Acoustics 136 (2014). 061008.
[50] Bergamini, A. et al. Phononic crystal with adaptive connectivity. Advanced Materials 26, 1343–1347 (2014).
[51] Alan, S., Allam, A. & Erturk, A. Programmable mode conversion and bandgap formation for surface acoustic waves using
piezoelectric metamaterials. Applied Physics Letters 115, 093502 (2019).
[52] Chen, Y., Hu, G. & Huang, G. A hybrid elastic metamaterial with negative mass density and tunable bending stiffness.
Journal of the Mechanics and Physics of Solids 105, 179 – 198 (2017).
[53] Wang, G., Cheng, J., Chen, J. & He, Y. Multi-resonant piezoelectric shunting induced by digital controllers for subwave-
length elastic wave attenuation in smart metamaterial. Smart Materials and Structures 26, 025031 (2017).
[54] Casadei, F., Delpero, T., Bergamini, A., Ermanni, P. & Ruzzene, M. Piezoelectric resonator arrays for tunable acoustic
waveguides and metamaterials. Journal of Applied Physics 112, 064902 (2012).
[55] Chen, Y. Y., Hu, G. K. & Huang, G. L. An adaptive metamaterial beam with hybrid shunting circuits for extremely
broadband control of flexural waves. Smart Materials and Structures 25, 105036 (2016).
[56] Sugino, C., Ruzzene, M. & Erturk, A. Merging mechanical and electromechanical bandgaps in locally resonant metama-
terials and metastructures. Journal of the Mechanics and Physics of Solids 116, 323 – 333 (2018).
[57] Lakes, R. Giant enhancement in effective piezoelectric sensitivity by pyroelectric coupling. EPL (Europhysics Letters) 98,
47001 (2012).
